Section 7.2: Trigonometric Integrals

Objective: In this lesson, you learn

[0 How to evaluate integrals involving certain products of powers of trigonometric functions.

I. Integrating trig functions: sine and cosine.

In this section, we use trigonometric identities to integrate certain combinations of trigonometric

functions.

Example 1: Integrate /sin2(m) dx jﬂg-(x)\\x
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Example 2: Integrate / cot?(3z) dx
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Strategy for Evaluating / sin™x cos"x dx

Here are the guidelines for evaluating integrals of the form / sin™x cos"x dx, where m > 0 and

n > 0 are integers:

a. If the power of cosine is odd (n = 2k+-1), save one cosine factor and use cos?(z) = 1—sin? x
to express the remaining factors in terms of sine:

m 2k+1 sm 2 k m s 2 k
sin”'x cos zdr = | sin x(cos x) cosxdr = | sin x(l—sm JJ) cosx dx

Then substitute v = sin x.

Example 3: Integrate

/ cos® z sin’ z dx
n <=3 oéé
2
{(05>< cosx B I

1 PUSEN
- _sinx ] Sin K X
= 5(057{ (,\' ) .
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U= SN Ju = CoER i
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Example 4: Integrate
/ cos®(2x) dx

= @U\
X —
U\:Zx_—erdmflé* — N Z

J/ (05g<2’7\) QX’—%— jCosgm Ju

= A
W=7 &\ 1) &
; | (cosw W

q- ) RS W - (os &V\' = — S(ij (o

1 (o (-5iw) " e
2N, T
E=slan Jg = Coso W

L () gt,lj' e e s (et
2 5 7
Csmw ;Lsmu\_LS_lﬁg—_Q‘/{—(/

( Sw\/nx-fsﬁfl(zﬁ—f S/’Gﬁ) + C

Example 5: Integrate nez s
/ cos@;?sm

{CM% C(0527<> S OA Q?K

Jco)g% STAX AX T
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g otk e = o X
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b. If the power of sine is odd (m = 2k + 1), save one sine factor and use sin? +cos? = 1 to
express the remaining factors in terms of cosine:

. O%ktl . m 2 Nk 2 Nk
sin xcos"xdx = (Sln ZL') cos"zsinxdr = (1—005 :L‘) cos"x sin x dx

Then substitute v = cosz.

e 3 O™

Example 6: Evaluate [ sin®% dz.

- 1
Js%?x N V(SMX svn > it
1
_ \ng\/\)( (1 cos7) A+

o= CosH (VAN

3
w” 4+ C

2 — U =
C-jl—U\ o = ° 3

/,CMX‘\’E%E”\'C‘

Example 7: Evaluate [sin3x cos?z dz.
x o
? X
N 1 T _ % S“Aj> COS K
ngx corx \X = jmx S
(3 T %
— \gﬁw\nx Ql @Sx) o8 X é

QAX
V\:CG)X QU\:_SMX

- j&“”ﬂ L NS

:QSU\TLIUQ‘( @“’
3 v
" W C
s S

:HC/CEX +£9’§§Z>—§:+C
3
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c. If the powers of both sine and cosine are even, use the half-angle identities

2

sin’z = 3.(1 — cos2z) and cos?

z =3 (1+cos2z).

It is sometimes helpful to use the double-angle identity

sinx cosx = % sin 2x.

Example 8: Evaluate [sin?x cos?z dz.

2

\(53,\%@( (05%( WX j@@/}fx (057&> RS
2

55(% 51M27<> QX

_)’Jgﬂ/?zw AP
- Y

:L{LJJZ—Q/(0NX> \ES

\ w/1g%/\’/f7Q %C
{?(x Y )

L (wase) YR
QA (65 WX = glzC‘ (Oﬁm) 2

) Q(,(Q/z%)CH(OSZY) J A
-1

) J( _ (05227« év&
-y

—-/ljSW“/P}L'L% @7\
Y

2 2 _ \
St Lot =

oY= @r o)
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II. Integrating other trig function: tangent, cotangent, secant, and cosecant
Strategy for Evaluating / tanx sec"x dx

a. If the power of secant is even (n = 2k), save a factor of sec?x and use sec?z = 1 + tan’x
to express the remaining factors in terms of tan x :

k-1
/tanmx sec"x dxr = /tanma: (seczw) sec’z dx = /tanmx (1 + tanzm) sec’r dx

Example 9: Evaluate [tan®z Se@l' dx.

yi
jbw?x e CK Q%fjm”x —

~ 5*%1%<‘Jrfmz7‘> NG

o = Fmx Ln = se Ox W%

- Lot de

- 3 5
_ paxs B2 £ C
- 3
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b. If the power of tangent is odd (m = 2k + 1), save a factor of secz tanz and use tan?z =
2

secx — 1 to express the remaining factors in terms of secx :

2k+1 n 2 k n—1 2 k n—1
tan T seczdr = (tan [IJ) sec r secxtanx dx = (sec X — 1) sec x secx tan x dx

Then substitute u = secx.

N
Example 10: Evaluate [ tar@ sec® x d.

2 o éX
wa?x seg_% N L(me sl Famol SCUX

4 Y Se (X A%
- (et s G Se 0T

Corx gu\—qgeLX - v K @»4
u\:

e

I
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c. The other cases such as:

i. sec xtan" x, n is odd and m is even.

ii. tan™ x, m is odd and there is no secz.

may require a combination of identities, integration by parts, and a little ingenuity.

Example 11: Evaluate / tan® z sec* z da.

e F G d *
A JMMX ;@,cb& A% = JT‘MXﬁﬂOX s e X

v
J@%szMXd!IH!EN

_ ceax —b Lo zseCx T orr o

,5( D)ol dw C i)

Example 12: Evaluate / tan x dx.

wa% NS —S i:;j N

_MVWA
. % \KOJX] + C _ \}Vv\\/\(ap&\
- :\{v\ f@(ﬂ‘
_ o seex ] c 4
;;(““Y}?‘J Fanr N = ggg’&,\ o
B
Fam X —K 4+ C
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Example 13: Evaluate / tan® z dz.
Sjra\m;XQ& = S Vg A oC S
TR Ll

N2
§<Q627< Fan X — T X

‘v\, F X \N"ﬁe& -
S In - SWMX e J
— W\ W 03
‘ G K L\\,(eol
b plsearhre = — 1C

—_—

z

Example 14: Evaluate / secx dr.

o (oot B gy

S
S Cox W = g | &g%bx%*””@
gM \PS

ggQX‘\’JVMX -~
_ cen Yo~ SeC X
Lo o (KA TSP Jw=se d
j An o uobrc
- U\

B bw\;mx%%w/’*\%g
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Example 15: Evaluate / sec® z dz.

al
Jﬁ@,zx @}L - JIQCX (e o X éx

SR szSCCX/!'ﬁMX A
W=

gv:mﬁxkx v = ot

SU\%v:U\\// J\/@m

Se (¥ YA A —
~ Jﬂ seCx (secx—1) 4%

{ (e Cx —Selx d =

jsefxéxf SSecx Qx

&§%X%MNX_
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—

—

S C e ipdnes s elx ek —
sch I 4 Lnlses v Fan) & C

— SRKX o A — Q/\/

b | e oxpran A \JrQ
255@57&@% _ gecx T \

#< |
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To evaluate integrals of the forms / sinmax cosnz dz, / sinmz sinnz dr, and / cosmx cosnx dx,

use the identities

a. sin Axcos B<= 3 [sin (A — B)xt sin (A + B)
b. sin A sin B~= § [cos (A — BXk- cos (A + B)k
c. cos Axcos Bx= 1 [cos (A — B)xt cos (A + BY

Example 16: Evaluate / sin 62 sin 11z dz.

J&\nzx E\\A(b\\x A % @ ‘J‘%f(os (6-\\)7@ Coy (6+)\)—7\J dx

:i((05<477\>  cos (A ol %
f%j(or@x) _ cos (1) N

2

:A‘Q5M@*>/F?9AWWD &

2(=)= F
s an ;3\“/‘/\ gmcf\‘\\t\\/\>

f&aj(— ex) e

since (cos(-x)= ), I

—,9): < W (7‘?*)

/_
- -

SIANACR 4 ,C
gﬁ/\k~?ﬂ;—31\f\>< (/ 31\/\@’%)
Sy I aw 6dd UEWOU“W\
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f = - 1
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